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Abstract Oscillator representation method is applied to obtain the bound state energy
eigenvalues and the corresponding eigenfunctions of the n-dimensional Schrödinger equa-
tion for the pseudoharmonic potential with arbitrary angular momentum.

Keywords Oscillator representation method · Schrödinger equation · Pseudoharmonic
potential · Energy levels · Wave functions

1 Introduction

Many physically interesting and important quantum-mechanical models are described by
potentials for which we do not have analytical solutions of the Schrödinger equation. This
has led to the development of many numerical, approximate methods such as WKB, 1/N -
expansion, etc. Nevertheless, the understanding of the physical situation, in some sense,
relies upon exactly solvable potentials like Coulomb, harmonic oscillator, and some oth-
ers. These potentials have been deeply studied in n-dimensional space and investigating
the dependence of the solutions upon the n-dimensional space has recently attracted much
attention.

The Coulomb force occurs in nature, whereas the harmonic oscillator is an approximate
model, which works for small oscillations, but is inappropriate to use to describe anharmonic
systems. The pseudoharmonic potential is used to study the anharmonicity of diatomic mole-
cules, and might be considered as a potential with behavior between exactly solvable har-
monic oscillator and nonlinear anharmonic models. The energy levels and eigenfunctions
of the pseudoharmonic potential were determined for any angular momentum by means of
several techniques. For example, by use of the Nikiforov-Uvarov method in [1], by ansatz
method in [2], exact polynomial eigensolutions were given in [3], path-integral solution was
given in [4].
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In the present paper, the oscillator representation method [5], the alternative effective
method of solving the non-relativistic Schrödinger equation is applied for the n-dimensional
spherically symmetric pseudoharmonic potential:

V (r) = V0

(
r

r0
− r0

r

)2

,

where r0 is the equilibrium intermolecular separation and V0 is the dissociation energy be-
tween two atoms.

The pseudoharmonic potential has wide applications in various fields of physics and
chemistry such as molecular physics, solid state physics, chemical physics and in the study
of carbon nanotubes and nanowires [6–9].

2 Pseudoharmonic Potential in the Oscillator Representation

The n-dimensional Schrödinger equation for the radial function R(r) is
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R = 0, (1)

where r2 = ∑n

i=1 x2
i . To match with asymptotic behavior of the radial wave function near

the origin and as r → ∞ we introduce the substitutions

r = q2ρ and R(r) = q2ρs(l)�(q),

where s(l) and ρ are some parameters to be determined. Under this change of variables (1)
transforms into
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q4ρ−2� = 0. (2)

We require the term with q−2 in (2) to be equal to zero. This can be done by setting
ρ = 1/2 and the quadratic equation for s(l) to be:

s2 + (n − 2)s − l(l + n − 2) − 2mV0r
2
0

�2
= 0.

Hence, (2) simplifies to the form:
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q
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]
� = 0. (3)

If one defines the radial Laplacian operator in the d-dimensional space as �d = d2

dq2 +
d−1
q

d
dq

, then it can be easily seen that (3) corresponds to the harmonic oscillator with fre-

quency ω =
√

2V0
mr2

0
in d = n + 2s dimensional space:
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� = 0, (4)
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where p̂2 = ∑d

j=1 p̂2
j and q2 = ∑d

j=1 q2
j .

The symmetry of the d-dimensional Hamiltonian Ĥ = p̂2

2m
+ mω2q2

2 in which both the co-
ordinates qj and operators p̂j exist as the sums of squares suggests to introduce the complex
conjugate operators
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2m�ω

and â
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j = mωqj − ip̂j√
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.

Then we have
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†
j + â
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From the relation p̂iqj − qj p̂i = −i�δij there follows âj â
†
j − â

†
j âj = 1. Thus, the above

Hamiltonian can be written as
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In oscillator representation method the radial excitations with zero angular momentum
are defined in the following form:

|nr〉 = cnr (â
†â†)nr |0〉, where c−2

nr
= 4nr

�(d/2 + nr)
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and the ground state wave function is
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Using this we can find the radial excitations for (4):

Ĥ�nr = Ĥ |nr〉 = �ω
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From the latter simple algebraic equation with known ω and d we can finally determine
the energy levels:
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To obtain the wave functions we rewrite the coordinates qj in the form:
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Thus, â
†
j becomes

â
†
j = 1√
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)
.

Now taking into account the above listed expressions for radial excitations and the ground
state wave function we obtain:

Rnr ,l ∼ qs(l)(â†â†)nr |0〉 = qs(l)
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3 Conclusions

The aim of this manuscript was to present a different approach to determine the arbitrary
angular momentum solutions of the n -dimensional Schrödinger equation. With this purpose,
the original n-dimensional Schrödinger equation was modified to the differential equation
with Gaussian asymptotic behavior at large distances by the change of the variables. The
modified Schrödinger equation was recognized with harmonic oscillator in the (n + 2s)-
dimensional space. Thus, the angular momentum l was absorbed by the dimension d =
n + 2s(l) of that space. Finally, using the formalism of the creation â† and annihilation
operators â, the energy levels and the corresponding wave functions of the reduced problem
were calculated.

In the oscillator representation method there is no need to deal with solving hypergeo-
metric type second order differential equations or to use special functions as in Nikiforov-
Uvarov, ansatz and other methods. The bound state energy eigenvalues can be calculated by
solving simple algebraic equations which one obtains after reducing the original problem to
the harmonic oscillator and using the ladder operators.
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